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Abstract 

We present a histories version of the connection formalism of general 
relativity. Such an approach introduces a spacetime description — a char- 
acteristic feature of the histories approach — and we discuss the extent to 
which the usual loop variables are compatible with a spacetime descrip- 
tion. In particular, we discuss the definability of the Barbero connection 
without any gauge fixing. Although it is not the puUback of a spacetime 
connection onto the three-surface and it does not have a natural space- 
time interpretation, this does not mean that the Barbero connection is not 
suitable variable for quantisation; it appears naturally in the formalism 
even in absence of gauge fixing. It may be employed therefore, to define 
loop variables similar to those employed in loop quantum gravity. How- 
ever, the loop algebra would have to be augmented by the introduction of 
additional variables. 

1 Introduction 



In this paper we study the connection formalism for general relativity within the 
context of the histories framework. This is a continuation of previous work on 
the histories description of general relativity, in terms of its geometrodynamic 
variables [1, 2]. The main motivation comes from the fact that the histories 
description provides a natural spacetime description of canonical general rel- 
ativity and fully incorporates the fundamental principle of general covariance. 
The connection formalism provides the background for the quantisation in terms 
of the loop variables: it is thus the first step in an attempt to provide a histories 
quantisation scheme for gravity that follows the main idea of the loop quantum 
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gravity programme, namely that the basic kinematical variables of the quantum 
theory have support on one-dimensional objects-loops or graphs. This scheme 
would combine the spacctimc perspective and emphasis on general covariancc of 
the histories framework with the technical facilities in the quantum treatment 
of the constraints, provided by the loop quantum gravity programme. 

The basic object in the histories description is the notion of a history. This 
corresponds to the specification of information about the state of a physical 
system at different moments of time. It arises from the consistent histories 
approach to quantum theory developed by Griffiths [3] , Omnes [4] , Gell-Mann 
and Hartle [5, 6]. The specific version of the histories approach we describe here 
is known as the Histories Projection Operator (HPO) approach, which possesses 
two distinctive features. First, a history is a temporally extended ohicct that it is 
represented quantum mechanically by a single projection operator on a suitably 
constructed Hilbert space [7, 8] . Second, the theory possesses a novel temporal 
structure, since time is implemented by two distinct parameters, one of which 
refers to the kinematical set-up of the theory, while the other refers solely to its 
dynamical behavior [9]. At the classical level the two parameters coincide for 
all histories that correspond to the solutions of the equations of motion. 

The features above imply that the HPO theory is endowed with a rich kine- 
matical structure. In the case of general relativity this results to the fact that 
the different 'canonical' descriptions of the theory, that correspond to different 
choices of spacelike foliation coexist in the space of histories and may be related 
by a properly defined transformation [2]. This allows the preservation of the 
spacctimc description of the theory, even if one chooses to work with canonical 
variables. 

The histories theory provides a formalism that allows the incorporation of 
other theories, enriching them with a purely spacetime kinematical description, 
while preserving the main features of their dynamical behavior. Moreover, the 
histories theory may be developed in a quantisation scheme on its own right, 
which is expected to be characterised by two important features: first the preser- 
vation of the full spacetime description even at the quantum level and second, 
the quantum mechanical treatment of the full Lorentzian metric-and not only 
of its spatial components or its perturbations aroiuid a fixed background. 

The technical problem in a histories-based quantisation of general relativ- 
ity is the rigorous implementation of the dynamics by a history analogue of the 
Hamiltonian constraint operator: as in the standard canonical theory, the classi- 
cal expression is non-quadratic — indeed non-polynomial — in the field variables, 
and so the construction of an operator for the Hamiltonian constraint seems a 
hopeless task using conventional methods. For this reason, the most promising 
strategy would be to exploit the basic ideas of loop quantum gravity, which has 
made the greatest progress in the construction of such an operator [10]. 

The mainline approach towards loop quantum gravity has as a starting point 
the formulation of general relativity in terms of the Barbero connection [11]: this 
connection defines the holonomy algebra, the representation theory of which 



2 



provides the construction of the kinematical Hilbert space in loop quantum 
gravity. 

The Barbcro connection can cither be obtained from a canonical transfor- 
mation in a space extending the phase space of general relativity, or from a 
covariant Lagrangian, written by Hoist [12], through a Legendre transform. 
The latter procedure, however, involves a choice of the temporal gauge, and for 
this reason the very definition of the Barbero connection is gauge-dependent. 
A consequence of gauge-dependence is the loss of the spacetime background 
independence of the theory. 

The most important benefit provided by the introduction of the Barbero 
connection is that it is a connection with respect to the SU(2) group. This fact 
makes much easier the study of the representation of the loop algebra, because 
SU(2) is a compact group that possesses a unique normalised Haar measure. 

It would clearly be a benefit to the histories formalism if an object with the 
properties of the Barbero connection could be identified without compromising 
the gauge invariance — and hence the spacetime covariance — of the theory. We 
demonstrate that this is indeed the case in section 4. 

The structure of this paper is the following. In Section 2 we provide a brief 
summary of the histories theory applied to general relativity — for details see 
[1, 2]. ^ 

In Section 3 we develop the histories description for general relativity ex- 
pressed in terms of the connection and tetrad variables, using the Hoist La- 
grangian. 

In Section 4 we examine the definability of the Barbero connection in absence 
of gauge fixing and comment on possible approaches to quantisation. In the last 
section we summarise and discuss our results. 

2 Background: A histories version of general 
relativity 

The basic structure of the HPO histories theory. In the consistent- 
histories theory a history is defined as a sequence of time-ordered propositions 
about properties of a physical system, each one represented by a projection 
operator. When a certain 'decoherence condition' is satisfied by a set of histories, 

the elements of this set can be given probabilities. The probability information 
of the theory is encoded in the decoherence functional, a complex function of 
pairs of histories. 

In the HPO approach of the histories theory, propositions about the his- 
tories of a system are represented by projection operators on a new, 'history' 
Hilbert space. One may understand the history Hilbert space V in terms of 
the representations of the 'history group' [13, 14] — in elementary systems this 
is the history analogue of the canonical group. For example, for the simple case 



3 



of a point particle moving on a line, the history group for a continuous time 
parameter t is described by the history commutation relations 

[x,„.T,y] = 0=[p,,p,,] (2.1) 

[xt,pt'] = inS{t-t'), (2.2) 

where the spectral projectors of the (Schrodinger picture) operators xt and pt 
represent the values of position and momentum respectively at time t. This 
particular history algebra is equivalent to the algebra of a 1 + 1-dimensional 
quantum field theory, and hence techniques from quantum field theory can be 
used in the study of the history Hilbert space. This was done successfully in 
[14], where we showed that the physically appropriate representation can be 
uniquely constructed by demanding the existence of a time-averaged Hamilto- 
nian operator H := J dtHt. 

The study of continuous- time transformations led a very important result 
for the temporal structure of the theory: there exist two distinct types of time 
transformation. One refers to time as it appears in temporal logic — the t-label 
in Eqs. (2.1-2.2). The other refers to time as it appears in the implementa- 
tion of dynamical laws the label s in the 'history Hciscnbcrg picture' operator 
Xt{s) := e'^^^ xtc^'^"-^ . The definition of these two distinct operators, imple- 
menting time transformations, signified the distinction between the kinematics 
and the dynamics of the theory. More important, for any specific physical sys- 
tem these two transformations are intertwined by the definition of the action 
operator — a quantum analogue of the classical action functional. 

In the classical histories theory, the basic mathematical entity is the space 
of differentiable paths 11 = {7 | 7 : IR ^ F}, taking their value in the space of 
single-time classical phase space F. The key idea in this new approach to clas- 
sical histories is contained in the symplectic structure on this space of temporal 
paths t ^ {xt,Pt) corresponding to the following Poisson brackets 

{xt,xt>} = = {pt,pt/} 

{xt,Pt'} = S{t,t'), 

where 

Xt-.U IR 

7 1-^ xt(7) := a;(7(t)). 

Analogous to the quantum case, there are generators for two types of time trans- 
formation: one associated with classical temporal logic, and one with classical 

dynamics. 

The classical Hamilton equations may be written in terms of the Liouville 
function V and the smeared Hamiltonian function H, which are the classical 
analogues of the corresponding operators we defined for the quantum theory 

{Ft,V}u{7ci) = {Ft,H}u{lci), 
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where ^(7) := / dtptXt, and {Ft,V} = Ft. O ne significant feature is that 
the paths corresponding to solutions of the classical equations of motion are 
determined by the requirement that they remain invariant under the symplectic 
transformations generated by the action S, for all functions Ft 

{F,S}n{lci)=0, (2.3) 

where S = V — H. The Eq. (2.3) is essentially the histories analogue of the least 
action principle. 

Spacetime description of histories general relativity theory. A signif- 
icant result emerged from the histories general relativity theory: it is possible 
to develop a histories theory for quantising the full spacetime metric of classical 
gravity [2]. 

In this context, a 'covariant' description of the histories gravity theory has 
been developed [1, 2], in terms of a Lorentzian metric g, and its 'conjugate 
momentum' tensor tt, on a spacetime manifold M, with topology S x H. The 
history space has as elements the pairs {g^v,T^'^^), and it is equipped with the 
covariant symplectic form 

^cov = J d^X Sn^'^iX) A %.(X). (2.4) 

The spacetime difFeomorphisms group Diff(M). The relation between 
the spacetime diffeomorphisms algebra, and the Dirac constraint algebra has 

long been an important matter for discussion in quantum gravity. In this new 
construction, the two algebras appear together for the first time: the history 
theory contains a representation of both the spacetime diffeomorphism group 
and the Dirac algebra of constraints of the canonical theory. Indeed, for each 
vector field W on the spacetime manifold M, the 'Liouville' function is defined 
as 

Vw:= jd^XT,^'''{X)Cwg^..{X), (2.5) 

where Cw denotes the Lie derivative with respect to W. The functions Vw, 
satisfy the Lie algebra of the spacetime diffeomorphisms group \ywi ,Vw2] = 
^[Wi,W2] ' 9,11 spacetime vector fields W\,W2- 

Spacetime and canonical descriptions. In the standard canonical formal- 
ism we introduce a spacelike foliation 5 : IR x S ^ M on M, with respect to 
a fixed Lorentzian four-metric g. However a foliation cannot be spacelike with 
respect to all metrics g and in general, for an arbitrary metric g the pullback 
of a metric £*g is not a Riemannian metric on E. The notion of 'spacelike' 
has no a priori meaning in a theory of quantum gravity, in which the metric is 
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a non-deterministic dynamical variable. In absence of deterministic dynamics, 
the relation between canonical and covariant variables appears rather puzzling. 

In histories theory this problem is addressed by introducing the notion of 
a metric dependent foliation £[g]. This is defined as a map £ : LRieni{M) i-^ 
FolM, that assigns to each Lorentzian metric g a foliation that is always space- 
like with respect to that metric; FolM is the space of foliations on M. 

We then use the metric dependent foliation £[g] to define the canonical 
decomposition of the metric g with respect to the canonical three-metric htj, 
the lapse function N and the shift vector N^. For example, the three- metric hij 
reads 

Kj{t,x) := £'^,{t,x]g]£'1j{t,x:,g]gf,^{£{t,x;g]). (2.6) 

Defined in this way hij is always a Ricmannian metric, with the correct signa- 
ture. Hence, the 3 + 1 decomposition preserves the spacctime character of the 
canonical variables. In the histories theory therefore, the 3 + 1 decomposition 
preserves the spacetime character of the canonical variables, a feature that we 
may expect to hold in a theory of quantum gravity. 

One may therefore employ histories of canonical variables as coordinates 
on the space 11'^°" = T*LRicm(M). We thus obtain the history version of 
the canonical Poisson brackets from the covariant ones, and we can write the 
history analogue of the canonical constraints. The canonical description leads 
naturally to a one-parameter family of super-hamiltonians t 'H±{t,x) and 
super- momenta t 'Hi{t,x)[l, 2]. 

Invariance transformations. The introduction of the cquivariance condi- 
tion leads to an explicit mathematical relation between the Diff(M) group and 
the canonical constraints. This condition follows from the requirement of general 
covariance, namely that the description of the theory ought to be invariant un- 
der changes of coordinate systems, implemented by spacetime diffeomorphisms. 
Loosely speaking, the equivariance condition makes it possible that the foliation 
functional 'looks the same' in all coordinate systems. 

A metric-dependent foliation functional £ : LRiem(M) Fol(M) is defined 
as an equivariant foliation if it satisfies the mathematical condition 

£[rg]=f-'o£[g], 

for all Lorentzian metrics g and / G Diff(M). 

Hence, if we perform a change of the coordinate system of the theory under 
a spacetime diffeomorphism, then the expressions of the objects defined in it 
will change, and so the foliation functional £[g] and the four- metric g will also 
change. Then, the change of the foliation due to the change of the coordinate 
system must be compensated by the change due to its functional dependence 
on the metric g. This is essentially the passive interpretation of the spacetime 
diffeomorphisms . 
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The equivariance condition manifests a striking result: the action of the 
spacetime diffeomorphisms group Diff(M) preserves the set of the constraints, 
in the sense that it transforms a constraint into another of the same type but of 
different argument. Hence, the choice of an equivariance fohation implements 
that histories canonical field variables related by diffeomorphisms are physically 
equivalent. 

Furthermore, this result means also that, the group Diff(M) is represented 
in the space of the true degrees of freedom, the reduced phase space. Hence, 

in the histories theory the requirement of the physical equivalence of different 
choices of time direction is satisfied by means of the equivariance condition. 

Reduced state space. We define the history constraint surface Ch = {t i-^ 
C,t £ IR}, as the space of maps from the real line to the single-time constraint 
surface C of canonical general relativity. 

The history reduced state space is obtained as the quotient of the history 
constraint surface C^, with respect to the action of the constraints, i.e., it is the 
space of orbits on Ch arising from the action of the constraints. 

The histories version of the Hamiltonian constraint is defined as = 
JdtK{t)ht, where ht is first-class constraint. For all values of the smearing 
function K{t), the history Hamiltonian constraint Hk. generates canonical trans- 
formations on the history constraint surface. 

The history reduced state space Ured = {t i-^ ^red,t G is a symplectic 
manifold that can be identified with the space of paths on the canonical reduced 
state space Tj-ed- 

It has been proved [2] that the histories reduced state space is identical 
with the space of paths on the canonical reduced state space. Hence, the time 
parameter t also exists on 11,,, i- and the notion of time ordering remains on 
the space of the true degrees of freedom Ured- This last result is in contrast to 
the standard canonical theory where there exists ambiguity with respect to the 
notion of time after reduction. 

The phase space action functional S commutes weakly with the constraints, 
so it can be projected on the histories reduced state space. It then determines 
the equations of motion, as we have shown in the theory of classical histories 
[9]. 

A function on the full state space H may be considered to be a physical 
observable (i.e., to be projectablc into a function on n^ed), if it commutes with 
the constraints on the constraint surface. 

The equations of motion are the paths on the phase space that remain in- 
variant under the symplectic transformations generated by the projected action 

{5,F(}(7cO = 0, 
where is constant in t and S is the action projected on Ured- 
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The canonical action functional S is also diffeomorphic-invariant 

{Vw,S} = 0. (2.7) 

Therefore, the dynamics of the histories theory is invariant under the group of 
spacetime diffeomorphisms. 

We can distinguish the paths corresponding to the classical equations of 
motion by the condition 

{F,V}^^,=0, (2.8) 

where F is a functional of the field variables, and jci is a solution to the equations 
of motion. 

In standard canonical theory, the elements of the reduced state space are 
all solutions to the classical equations of motion. In histories canonical theory, 
however, an element of the reduced state space is a solution to the classical 
equations of motion only if it also satisfies the condition Eq. (2.8). The reason 
for this is that the histories reduced state space Ilred contains a much larger 
number of paths (essentially all paths on Tj-ed )• 



3 The histories theory of the connection formal- 
ism for general relativity 

3.1 The covariant description 

The building block of the basic variables employed in loop quantum gravity is 
a pair of conjugate variables, consisting of a densitised triad and an SU{2) 
three-connection A^. The description of general relativity in terms of these 
variables can be obtained from two different procedures: one may either enlarge 
the geometrodynamical state space and identify the relevant variables through 
a suitable canonical transformation; or one may start from a spacetime action 
[12] by following the usual Dirac-Bergmann theory of constraints (together with 
partial gauge fixing). 

The histories approach highlights the spacetime aspects of general relativity, 
hence it is the latter procedure that we shall adopt. As starting point we consider 
the Hoist action 

S[E,u;] = J d'X{E)E>iE'^j{^l'^i -fT'^t), (3.1) 

where /3 is known as the Immirzi parameter [16], while 

fljl = d^uj + n" - d^ijj/ + [w^, ij^]", (3.2) 
and ^e^KL^^J^- 
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The action (3.1) is a function on the space A of configurational histories, 
that consists of tetrads Ej^, and Lorentz-connections uj/ , on a four-manifold 
M. Note that A carries no symplcctic structure. 

The space Ucov '■= T*A of phase space histories is the cotangent bundle 
of A. It consists of variables {Ej^,Ljj/ ,^Trjj,"'jTjj) and it is equipped with the 
covariant histories symplectic form 

n = j (fx [5^7r^' A 5EI + (5Xj A ^'-j"] ■ (3-3) 

We define functions Vw on XIco,,, 

Vw = j d^X [^n'^CwEl + ^n'^jCwoj'/], (3.4) 

where is a vector field on M and C denotes the Lie derivative. The functions 
Vw correspond to a symplectic action of the group Diff{M) on Tlcov since they 
satisfy the Lie algebra of the Diff{M) group 

{Vwi , } = V[Wi ,W2] ■ (3-5) 

It is easy to check that Vw generates spacetime diffeomorphisms upon the 
canonical variables, for example 

{Vw,El}^-CwEl 
{Vw,ojl'} = -Cwioj/. (3.6) 



3.2 The 3 + 1-decomposition 

Similarly to the case of the metric variables described in Section 2, the space 
Ticov of tetrads and Lorentz connections is fully compatible with the 3+1 decom- 
position of the space A and hence it can incorporate the description of histories 
of canonical variables. 

The first step in a 3+1 decomposition involves the specification of a spacelike 
foliation. In order to preserve the spacelike character of the canonical description 
it is necessary for this foliation to be a function of the 4-metric g, as explained 
in Sec. 2-see [1] for details. The metric is defined on Ucov as a function of the 
tetrad variables 

9^. = VuK^i- (3.7) 

Hence, for each specific Lorentzian metric g we choose a spacelike foliation, 
f : IR X S — !■ M, with an associated family of spacclike embeddings f t : S ^ M, 
t e IR. Given a foliation functional £, we can define the normal unit timelike 
vector to the foliation n^'{X■,g\, the vector field t^'iX) = f ''(^-^(X)), which 
specifies our direction of time and the 'projector' fields £^ = ^p-. 
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The pull-back of the tetrad and the four-connection on each spacelike 3- 
surface T,t = £i'^{M) are defined as 

'Ei{t,x):=£i^X(£{t,x)) (3.8) 



We also define the lapse function N and the shift vector Na as 



W/{t,x)=£i:,col^'(£{t,x)). (3.9) 



N{t.x) = £f'n^,{£it,x)) (3.10) 
Nait,x) = £%t g^,.{£(t,x)), (3.11) 

and the projection of the tetrad along n'^ as 

n\t,X) = n>'El{£{t,x)). (3.12) 

The latter satisfies the conditions ^Eln'^iju = 0, n^n/ = 1. We also consider 
the projections of the four-connection along 

a" = £^u;l/. (3.13) 

The 3-1-1 decomposition results to the substitution of the original set of 'covari- 
ant' coordinates El^,Loj/ on A with the following ones: ^E^,N, Na,n^ , ^w^'', a^-^. 
The new coordinates are essentially paths from the axis of time IR to the single- 
time configuration space of the theory. 

It is very convenient to choose a new set of variables. One of the aims of this 
paper is to see how the Barbero connection appears within a gauge-invariant 
spacetime description. The Barbero connection is defined after a specific gauge 
fixing: choosing the temporal gauge ~ (1, 0, 0, 0). For this reason we choose 
variables that are convenient for keeping track of this particular gauge. 

Let us denote by Aj{t, x) the SL{2, C) gauge transformation that takes the 
scalar fields to the constant vector ^n^ = (1,0,0,0). We write, 

A'j{t,x) = 6!j+ - °"')("^ - °^J)- (3-14) 

Next, we transform by A^-^ all fields with internal indices. We define 

'E'J:=A'/Ei (3.15) 
'w',":=A'K'u;^^Ar.' (3.16) 
a'" := A^K^a'^'^AL''. (3.17) 

But ^Eim = 0, hence ^E'J is of the form {0,El,El,El). We notice that 
the variables E'^ = {El,E^, E^) define a field of triads on a, since 

EiEiSij = Kb := £^^£lg^.. (3.18) 
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The property above distinguishes the variables we employ here, from the vari- 
ables El of Ref.[15], which become triads only after the imposition of the tem- 
poral gauge. 

The form of the Hoist Lagrangian, suggests that the following combinations 
of the connection variables are the most convenient 



= - ^e^^'M^'" (3-19) 

Xi-- = le^'^'co'^'^ + ^'u^T (3.20) 



(3.21) 



fj . LX 2/3 

a' : = ^e'^'^a'^'' + ^a'°\ (3.22) 

For further convenience in the description of the constraints we employ the 
densitised triad Ef = {E)Ef and the densitised lapse N = N/E, where E 
is the square root of the determinant of the three- metric hat- We also write 

Hence we have chosen a coordinate system on A, based on the canonical 

history variables (Ef, w^, x^, p\ fT% N, Na, C*)(^i -e)- The change of variables on A 
is essentially a contact transformation. It can therefore be lifted to a symplectic 
transformation in Tlcov = T*A. Hence the symplectic form on Hcov can be 
written as 

n = Jdtjcfx [S'^pi A 5Ei + S^pt A Sui + 6^^ A Sxl 

+6% A Sp' + S^p, A 5a' + 5^p ASN + S^p" A 6Na + S^p, A (5f ) . (3.23) 

The momenta in (3.23) can be expressed as functions of the covariant mo- 
menta and configuration variables. The explicit relations can be obtained by 
substituting i?^ and ujj/ by the corresponding canonical variables in the expres- 
sion for the symplectic potential Qcov = J d'^Xl^^jSEj^ + "tTjj A Sujj/ , by the 
canonical variables. For this purpose we use the equations 

Ej^ = £;^Ei+ny (3.24) 

^" = {S;-N-'n^N'')^oj'/ + N-'n^a''. (3.25) 

The expression (3.23) demonstrates that the space H is isomorphic to the 
space of paths over the phase space of the corresponding canonical theory. 



3.3 The constraints 

So far the description is purely kinematical; the only input has been the choice 
of variables for the covariant description and the implementation of the 3-1-1 
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splitting. In order to introduce dynamics, we must consider the constraints 
corresponding to the Hoist action [12]. 

In the Appendix wc provide details about the Legcndre transform of the 
Hoist Lagrangian. The approach followed in this paper is different from the 
one usually encountered in the literature, because it preserves the relation of 
the canonical variables to the original covariant oncs-'^. We would not be able 
otherwise to verify the invariance of the constraints and the equations of motion 
under the spacetime diffeomorphisms action on IIco,,. The other difference of the 
Legendre transform we develop in the Appendix is that the canonical variables 
we employ have a natural geometric interpretation even in absence of gauge 
fixing. 

The constraints restrict the space of possible histories to a submanifold of 
Hcoti. We identify the second-class primary constraints (30 x oo'*) 

'^p^ -E°: = Q (3.26) 

= (3.27) 

= (3.28) 

V + e'^'^r + '^>f ] = 0, (3.29) 

the (6 X 00^) second class secondary constraints (for the full expression of the 
functions see the Appendix) 

2E-^\i^ =riE,LO,0, (3.30) 
the (10 X 00 "^) primary first-class constraints 



^p = 


(3.31) 


V = o 


(3.32) 


^ft = 


(3.33) 


^Pi = 0, 


(3.34) 



and the (10 x oo^) secondary first-class constraints 

jrk ^ _^a^i.fe[(i + ^-2)-i(^,+^-i^,j + ^.a^^;) = (3.35) 

g'' = - e'^'^Smi + p-^)-\xi - p-'^i) + wida^] = (3.36) 

Ha = -El [2a[,w^] - e^'^u^lvfdae + 2e'^^^d,^ewf 

- {-2ioiL^ -2il + (3-^)daev^L^)-xiGl (3.37) 

n = E^&je'^''[{2d[,xt] - (1 + /3-')-^e'=™"(a;>r - X^X? 

+ /3-^x>r+r^t^rxn) + 2e'^^"ico^vr - xro^aic'], (3.38) 



^Thc usual procedure involves substituting the second-class constraints that appear in the 
Legendre transform (3.26, 3.27) by the single one that is expressed in terms of the conjugate 
momentum of "^t^a"', namely t^'^^^'^p'^j^p'^j^^ = 0. While this method is more convenient 
for computational purposes, it hides the immediate relation between the components of the 
tetrad and the covajriant momentum conjugate to the Lorentz connection. 
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where w™,?;™ are functions of ^ defined in Eq.(A.3) of the Appendix, and 

The constraints W, Ha are obtained by the variation of the lapse N and the 
shift Na respectively, hence they correspond to the Hamiltonian and momen- 
tum constraint, while the constraints Q^,T^ are obtained by the variation of p, 
and (Tj respectively. The latter constraints correspond to the SL{2, C) gauge 
constraints of the usual treatment. At this level the algebra of the secondary 
first-class constraints is trivial, because the variables commute prior to 

the imposition of the second-class constraints (3.26). 



3.4 The spacetime diffeomorphism invar iance 

In order to demonstrate the diffeomorphism invariance of the reduced state 
space, we need to restrict our considerations to equivariant foliation functionals- 
see Sec. 2. We denote by A{-,g] any tensor field associated to the foliation 
functional, that carries a dependence on the metric g. The physical requirement 
is that the change of the tensor field A under a diffeomorphism transformation 
is compensated by the change due to its functional dependence on g. 

For an infinitesimal spacetime diffeomorphism transformation the equivari- 
ance condition (2.7) can be expressed as 

jCwA{X;g] = Jd'X' M^£^5^^(x') . (3.39) 

The analysis of the diffeomorphism invariance of the constraints proceeds 
as in the case of [2]. The result is identical, namely that the constraints are 
preserved by the action of the diffeomorphisms generated by the Vw ■ It can be 
verified by explicit calculation, however the general argument is the following. 

The functions of the constraints may be smeared with suitable fields on 
E X IR. For example, the momentum constraint may be expressed in smeared 
form as Ti{M) = J dtd?x'Ha{t,x)M°'{t,x). In general, the smeared form of a 
constraint ^ where r refers to any indices, may be denoted by the expression 
F{M) — J dt(fixF^'{t,x)Mr{t,x). We substitute the canonical variables em- 
ployed in the definition of the constraints, by their expressions in terms of the 
covariant objects E^^, w^'', ^nj, '^ttjj. For simplicity, we refer to all the covariant 
fields variables as (j)A (we only need to distinguish the tetrad later on). 

We write the constraint expressed in terms of the covariant variables as 
/ d'^X F^{X,(j)A,£] Mr{X; g], where £ are any fields defined with reference to 
the spacelike foliation (namely S'^ and n'^. The smearing fields now depend 
on g, because they are pull-backed to M using the foliation functional. We then 
compute 



{Vw,F{M)} = j d'^Xd'^X' 
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5£{X",g] Sg^^iX') 




M^{X,g] 



+F''{X) 



2El{X')E,j{X') 



(3.40) 



Using the equivariance condition we obtain 



+ 



d^XF'-iX) -CwM"- 




d^XCw{F'^{X)Mr{X,g]) 



2El{X')E^i{X')^ 



■.= -F{dwM), (3.41) 

where 6wM = CwM"- - J d'^X'^^f-^2El{X')E^i{X'), is an infinitesimal 



change to due to the total action of the difFeomorphisms. 

Hence, the action of Vw upon the constraints leaves the set of constraints 
invariant. It follows that Vw can be projected to the histories reduced state 
space. 

The same argument holds for the equations of motion. One may define the 
Liouville function on Hcov as 



Since the constraint functions are all ultra-local in t, i.e. they do not involve 
derivatives with respect to t, we obtain 



Hence, V commutes weakly with the constraints and thus it can be projected 
to the reduced state space. In the reduced state space the Hamiltonian is zero, 
and for this reason the projection of V there coincides with the projection of the 
action functional. It therefore generates the solution to the equations of motion: 
if V is the projection of V on the reduced history space then the equation 



identifies the classical equations of motion, for any function F on Hred- 

Finally, using arguments similar to the above, it is easy to demonstrate that 
V remains invariant under the action of the group Vw of spacetime diffeomor- 
phisms, provided that the foliation is equivariant. The derivation is formally 
identical to that of Ref. [2] , where the reader is referred to for details. 




(3.42) 



{V,F{M)} = F{M). 



(3.43) 



{t/,F}(7,0 = 



(3.44) 
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4 The Barbero connection 

The loop variables employed in quantisation are defined in terms of the Barbero 
connection, which forms a canonical pair with the triad on a state space. The 
latter is constructed after the imposition of some of the constraints [12, 15]. To 
be precise, the constraints that are imposed on this construction arc the second- 
class ones and the primary first-class ones, while 'half of the gauge constraints 
are removed through the selection of the temporal gauge. 

In this section, we shall consider the issue of the definability of the Barbero 
connection without any gauge fixing. This will allow us to discuss the extent to 
which the usual loop variables are compatible with a spacetime description. Note 
that while we work within the history formalism for definiteness, the arguments 
we present can be immediately translated to the canonical (single-time) context. 

The history space is a symplectic manifold, and for this reason one may 
follow the same procedure for implementing the constraints as in the standard 
canonical case. 

The first step is to impose the second-class constraints. We denote the re- 
sulting manifold as Ils.c- By definition (of the second-class constraints concept) 
the symplectic form on Ils.c. is non-degenerate. The constraints (3.26-3.28) im- 
ply that the triads and the w^-part of the four-connection coj/ form a pair of 
conjugate variables. The symplectic form on Ils.c. is 



The constraints (3.29, 3.30) determine the components Xa terms of the 
other variables. The primary first-class constraints commute with the secondary 
first-class ones, hence they can be imposed separately. By imposing the former 
and then excising the degenerate directions, we construct the space Hi. The 
latter is spanned by the variables E, w, ^, and it carries the symplectic form 



First, let us recall that the Barbero connection is defined on a phase space, 
which is obtained by the choice of the temporal gauge C = [12]. Gauge 
fixing allows the solution of one half of the gauge constraints. This results 
to the determination of %) in terms of the remaining canonical variables. The 
object transforms then as an SU(2) connection under the remaining gauge 
constraints: this is the Barbero connection. 

However, one may follow a different direction that allows the identification 
of the Barbero connection on the space Hi , without any gauge fixing. For this 
purpose, we find a suitable variable that transforms as an SU{2) connection 



^s.c. = dt d^x[SE^ A Sul + S^Pi A 5f + S^Pi A 6p' + d^Pi A 5a' 




+5^ph5N + 5^p'' h5Na]. (4.1) 




(4.2) 
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under a combination of the gauge constraints. We notice that the combination 
— Q leads to the Gauss-law constraint 

Qlauss = daEl + Pe^'^Et{u:i - r'wjdae + vldai') = 0, (4.3) 

where vl , wf are given by Eqs. (A. 3) in the Appendix. 
Prom Eq. (4.3) we notice that the object 

Ai=Ujl-r'wldae+vldae (4.4) 

transforms as an SU{2) connection^ under Gq^^^ss' conjugate to the triad 
and coincides with the Barbero connection on the gauge fixing surface ^' = 0. 
Hence, it is the proper pull-back of the Barbero connection on IIi. 

Using Eq. (3.29) we bring the constraints J^'^ = on Hi into the form 
J^''' = 0, where 

T'" = V + E^e^'^iiw^ - f3vh< - + p-^)vLvtdan- (4-5) 

The implementation of the constraints (4.5) should allow us to get rid of the ^ 
and variables and descend to the Barbero phase space. This, however, cannot 
bo done in a gauge-invariant way. The reason is that the submanifold JF'* — 
is not preserved by the action of the remaining constraints — in particular the 
Gcauss constraint. Moreover, the constraint !F' leaves neither the triad, nor 
the Barbero connection invariant. A partial implementation of the constraints- 
while algebraically possible through gauge fixing-is geometrically inadmissible 
at this level. 

In conclusion, the Barbero connection is well-defined on the space Hi , which 
is obtained from the imposition of the second-class and the primary first-class 
constraints. The Barbero connection corresponds to a specific combination 
of the system's variables. This combination transforms as an SU(2) connection 
under a specific combination of the SL{2, C) gauge constraints. It is however 
not possible to reduce the system further and go to a phase space that only 
contains the connections and the triads, unless one employs gauge-fixing. This 
implies that the basic variables employed in the loop quantum gravity-based 
as they are on the Barbero connection-are gauge dependent. The same holds 
for the remaining constraints on the Barbero phase space; their spcicific form 
is gauge dependent and for this reason they cannot be related to spacetime 
objects. Indeed, in the history context the action of the diffeomorphism group 
descends on Hi, but it cannot descend to the Barbero phase space, because the 
introduction of a gauge-fixing is an additional 'external' structure that violates 
the background independence of the theory. The starting point of the loop 
quantisation is therefore gauge-dependent and does not have a straightforward 
spacetime description. 

^We should recall that at this level (in absence of spinors and prior to quantisation) the 
gauge group is SO{3) rather than SU{2), but we ignore this distinction throughout this paper. 
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However, the loop variables may be obtained from a purely canonical pro- 
cedure, in which the issue of gauge-dependence may not arise. One starts from 
the geometrodynamical phase space (usually after the implementation of the 
primary constraints), extends it to include an SU{2) connection and performs 
a canonical transformation on the extended space. This leads essentially to 
the Barbcro variables. Still, even if the problem of gauge dependence can be 
avoided, the problem of spacetime covariance remains: the resulting canonical 
theory (and hence the quantisation scheme) is not spacetime covariant, because 
the extension cannot be brought into a correspondence with a Lagrangian ac- 
tion. One may argue that spacetime covariance needs not be a fundamental 
symmetry of a quantum gravity theory and that it only arises at the classical 
limit. 

However, in this paper we contend that a quantisation along the loop quan- 
tum gravity lines is possible, if one starts from either the full covariant phase 
space Ticov , or from the intermediate space Hi (or its analogues in the canonical 
description) . The key idea in loop quantum gravity is the consideration of vari- 
ables with support on one-dimensional objects (loops or graphs) and this can 
be achieved from either starting point. 

An augmented algebra for quantisation. If we select the connection 
as one of the basic variables of the theory, then it is convenient to also employ 
a redefined ^-momentum tTj written as 

^i--='Pi + E!^, (4.6) 
where GJ^ = —(3~^w\da^^ + v\da^^- The symplectic form f^i then reads 

Oi = j dt j d^x {SE^ A 6Ai + Sm A <5f ). (4.7) 

It is important to note that the variables ^%7ri commute with the G Gauss 
constraint. They arc therefore invariant under the gauge SU(2) rotations that 
characterise the A\ connection. 

The symplectic form (4.7) gives rise to the history algebra 

{A^,{t,x),E]{t\x')} = 5l5]5{t,t')5\x,x') (4.8) 
{e{t,xUi{t',x')} = 5i5{t,t')5\x,x'). (4.9) 

The corresponding canonical algebra is clearly 

{Ai(x),^}(x')} = 5l5]5^{x,x') (4.10) 
{e(x),7r,(x')} = 5]5\xy). (4.11) 

This is essentially an augmentation of the canonical algebra of the standard 
theory by additional canonical variables that correspond to the internal field 
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and its conjugate momentum. The subalgebra generated by the connection and 
the densitised triad generates the usual loop algebra employed in quantisation, 
that is defined in terms of the T° and the variables. 

It follows that a quantisation procedure that emphasises spacetime covari- 
ance and gauge-fixing independence should augment the loop algebra by other 
variables, defined through ^* and tt^. Clearly the explicit form of the quanti- 
sation algebra will affect the resulting quantum theory. The key issue at this 
point is whether a suitable algebra and representation thereof can be found, such 
that the quantum mechanical imposition of the J^' constraint will reproduce the 
standard constructions of loop quantum theory. This is plausible, because the 
J^' constraint is linear with respect to tt. However, the agreement is not a priori 
guaranteed, because the result may be sensitive not only to the representation of 
the additional variables, but also on the procedure one employs in the quantum 
mechanical implementation of the constraints. 

One possible procedure for quantising the loop algebra-augmented by the 
variables and TTj-may be provided by a generalisation of a technique devel- 
oped in Ref. [17]. In this reference a histories description of quantum fields is 
developed, with the particular aim to treat the foliation as a potential quantum 
variable. 

Finally, we would like to comment on the relation between the results of 
this paper with those of Refs.[18, 19]. In these papers, Samuel explains that 
the Barbero connection does not have a spacetime interpretation, because it is 
not the pullback of a spacetime connection onto the three-surface and because 
of the gauge-fixing employed in its definition. While we fully agree with these 
statements, we believe that they should not be taken to imply that the Barbero 
connection is not a suitable variable for quantisation. The Barbero connection 
appears naturally in the Legendre transform of the Hoist action even in absence 
of gauge fixing. In the histories framework in particular, it may be employed to 
define loop variables similar to those employed in loop quantum gravity, without 
compromising the spacetime symmetries of the theory. The price wc have to 
pay is that we need to consider additional variables, spanning the space Hi (or 
its single-time analogue in the canonical case) and we have to implement the 
constraints J-'' at the quantum level. With these modifications the loop quan- 
tisation of gravity will fully preserve its spacetime character: in the histories 
framework one expects that the resulting Hilbert space will carry a representa- 
tion of the spacetime difi^eomorphism group. The outstanding issue is whether 
the ensuing formalism will lead to the same results as the standard one. 

5 Conclusions 

We developed the histories description for classical gravity, described in term of 
the Hoist Lagrangian. The basic variables at the covariant level is an SL(2, C) 
connection and a field of tetrads on spacetime M together with their conjugate 
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variables. The history space Hcov that they span carries a symplectic represen- 
tation of the group Diff{M) of spacetime diffeomorphisms. 

The next step involves the introduction of an cquivariant foliation functional, 
implementing the translation from the spacetime theory to an one-parameter 
family of canonical structures. The Legendre transform of the Hoist Lagrangian 
leads to an identification of a set of constraints, both of first- and second-class 
types. The construction of the metric-based theory is fully transferred into 
this construction and the set of constraints is invariant under the action of the 
diffeomorphism group. Hence, the generators of the spacetime diffeomorphism 
group can also be projected onto the reduced state space. 

The key issue then arises, which variables should be chosen for the quanti- 
sation of the history theory. Following the spirit of loop quantum gravity, we 
should try to construct a loop algebra and identify a Hilbert space by studying 
the algebra's representation theory. 

The obvious place to start would be to consider the loop algebra that corre- 
sponds to the spacetime SL{2, C) connection of the covariant description. This 
however would involve developing a representation theory for loop variables with 
a non-compact gauge group. Moreover, we would have to identify a new role 
for the tetrad fields, because at this level they commute with the connection 
variables. 

It may therefore be more profitable to work with 'internal' fields, which ap- 
pear as one-parameter families of the standard canonical variables. This will 
have the benefit of allowing the consideration of connections with compact gauge 
group. Here, however a complication arises because of the gauge-dependence of 
the Barbero connection. We showed that is possible to implement the second- 
class constraints together with the primary first-class ones, thus arriving at an 
intermediate state space Hi spanned by the variables Ef,uj^^, ^tt*, which were 
defined in Section 3.2. The remaining constraints are the Hamiltonian con- 
straint, the three momentum constraints, the three Gauss-law constraints and 
the throe boost gauge constraints. The analogous canonical analysis proceeds 
by imposing a gauge-fixing condition, which in our notation corresponds to tak- 
ing = 0. This allows one to get rid of the boost gauge constraints. In the 
resulting space, the variable cj^ is the SU (2) Barbero connection, which remains 
conjugate to the triad. The remaining constraints take a simple form. 

In the histories framework, however, we emphasise the general covariance of 
the theory: the imposition of a gauge fixing condition breaks the background 
independence of the theory. Hence, the spacetime diffeomorphism group does 
not descend to the resulting phase space. It follows therefore that a spacetime 
covariant loop quantisation that employs path variables should start at the very 
least from the space Hi. Nonetheless, a puUback of the Barbero connection is 
well defined on Hi : there exists a simple combination of the variables and 
Lol, which is (i) conjugate to the triad and (ii) behaves as an SU{2) connection, 
with respect to the rotation gauge constraints. Hence a history quantisation 
of Hi may be envisioned, that will employ variables defined with support on a 
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two-dimensional cylinder — giving a history analogue of the Tq variables — and a 
three-dimensional space S x R (where 5 is a spatial two-surface) as a history 
analogue of the Ti variables. 

However, these variables have to be implemented with additional ones that 
involve and its conjugate momentum. This suggests that the kinematical 
Hilbert space, if constructed in terms of variables with support on graphs as in 
the canonical loop quantum gravity programme, should involve at each point of 
the graph not only a representation of the SU (2) group but also a mathematical 
object describing a unit time-like vector. This additional degree of freedom 
should disappear when the constraint JF' is implemented, but there is no a priori 
guarantee that the resulting theory will be identical with the one obtained from 
the usual loop quantisation: it is plausible for example that the spectrum of 
physically relevant operators (e.g. the area operator) may develop additional 
degeneracies. 
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A The Legendre transform 

The 3 + 1 decomposition of the Hoist Lagrangian (3.1) is straightforward, and 
its expression in terms of the variables i?^, '^w^'^, a^'-' , , N, Na can be found 
in the related literature [12]. Our point of departure is the substitution of the 
variables Ef, tjj\, Xa^ M*) ^a, d defined in Section 3.2. The substitution 
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of these variables yields — after tedious calculations — the following form for the 
action 

S=JdtJ d^x{E'iujl-e'^''Et{x'aVi +ujiwt)dae +p'G' + <J,r + N''Ha + NH) (A.l) 

where Q"^ ,!F^,'Ha,'H are given by equations (3.35-3.38). The functions Vijwf 
are defined in terms of the 'boost' Aj of Eq. (3.14) as follows 

A%5A^' = v\5S! (A.2) 



where parameterises as = (vl + ?)0- Then, 

w\ := , e'jii'. (A.3) 

Finally we perform the Legendre transform of the action (A.l). The primary 

constraints (3.26-3.34) arc immediately determined. The secondary constraints 
(3.35, 3.38) are also straightforward to read. The non-trivial part is the identi- 
fication of the constraint (3.30). This is obtained from the Poisson bracket of 
the constraint (3.27) with the Hamiltonian, since the variables x\ pl&y the role 
of 'Lagrange multipliers' in the action (A.l). For this purpose it is convenient 
to define the 3x3 matrix E°'^xi and to split it into a symmetric part M*-' and 
an antisymmetric part e^^^Lk defined as E'^^xi '■= M'^'' + e*"''^-^fe- 

The antisymmetric part corresponding to is determined from the con- 
straint (3.29). We then only need to vary the Hamiltonian with respect to the 
symmetric part AP^ . We observe that the only part of the Hamiltonian in 
which M*-' appears explicitly is the Hamiltonian constraint Ti. Variation of the 
Hamiltonian constraint yields 

M*^' = + (l+/3-2)f'=', (A.4) 

where [/^' is the symmetric part of the matrix 

E'^\p-W, + (1 + l3-^)wldae), (A.5) 

and where 

f« := EtE^^'d^^Ei^ - ^S'^'EtEy^^d^aEb^m. (A.6) 

This constraint enables us to determine explicitly Xo in terms of the remaining 
canonical variables 

= + (1 + /3-2) \t\ + E^j&'wjdte + e'i^Eig^] . (A.7) 
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The variable = Eakt''"' - e'^'^EajdbE^'' is the unique torsionless connection 
corresponding to the triad E^. 

If wc solve the second-class constraints and then choose the gauge condi- 
tion ^* = — thus solving three of the gauge constraints — we find that on the 
constraint surface 

xi = r'< + ii + r^)K- (A.8) 

The expression above allows the elimination of the Xa variables from our de- 
scription. As shown in Refs. [12, 15] it leads to the standard expression for the 
constraints in the temporal gauge. 
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